We present a theoretical study of the excitations on the edge of a two-dimensional electron system in a perpendicular magnetic field in terms of a contour dynamics formalism. In particular, we focus on edge excitations in the quantum Hall effect. Beyond the usual linear approximation, a nonlinear analysis of the shape deformations of an incompressible droplet yields soliton solutions which correspond to shapes that propagate without distortion. A perturbative analysis is used and the results are compared to analogous systems, like vortex patches in ideal hydrodynamics. Under a local induction approximation, we find that the contour dynamics is described by a nonlinear partial differential equation for the curvature: the modified Korteweg-de Vries equation. ͓S0163-1829͑99͒13339-3͔
I. INTRODUCTION
The theoretical description of many-body systems is often best realized in terms of collective modes, i.e., the familiar sound waves in solids or plasmons in charged systems. Collective modes become especially important when their energies are lower than competing single-particle excitations. Sometimes, however, both single-particle and collective modes in the bulk of a system are gapped or scarce and these systems are often referred to as ''incompressible.'' This incompressibility can be real or a convenient limit due to large differences in relevant length or time scales, as in the case of the macroscopic motion of a liquid. Under these conditions, one can usually focus attention on the motion of the boundaries of the system, which will generally have softer modes, with frequencies much lower than those in the bulk ͑e.g., surface waves in a liquid droplet travel at speeds considerably slower than sound waves͒.
Concentrating on the motion of the boundary of the system has a considerable advantage: the reduction in the dimensionality of the problem often permits simpler analytical treatment, or a tremendous reduction in the effort needed to numerically solve or simulate the problem. Associated with this incompressibility, however, one usually finds microscopic conservation laws that translate into global constraints on the whole system, even when the microscopic dynamics is completely local ͑e.g., the volume of a liquid droplet is conserved͒. These global constraints enter the edge dynamics through Lagrange multipliers associated with the conserved quantities. 1 These conservation laws are often evident when the motion of the system is observed, and it is interesting to see how they are embedded in the dynamics of the boundary; that is, how these essential aspects of the problem are related to the laws of motion of the edges.
These shape deformations, and their dynamics, have played an important role in the understanding of numerous problems in diverse fields of physics. The incompressibility is reflected in the existence of a field which is piecewise constant, so that there is a sharp boundary between two or more distinct regions of space with different physical properties. This field can be of classical origin like the density of a liquid or the charge density of a plasma, or it can originate in the quantum-mechanical properties of the system, like the magnetization of a type-II superconductor. There are various examples where these questions are relevant, such as waves on the surface of a liquid, [2] [3] [4] the motion of non-neutral plasmas, 5 low-lying ''rotation-vibration'' modes of deformed nuclei, 6 the evolution of atmospheric plasma clouds, 7 pattern formation in ferromagnetic fluids, 8 vortex patches in ideal fluids, [9] [10] [11] [12] and two-dimensional electron systems ͑2DES's͒ in strong magnetic fields. 13, 14 The edges of a two-dimensional electron system, and in particular the edges of a quantum Hall ͑QH͒ liquid, present a unique opportunity to study the dynamics of shape deformations in a clean and controlled environment. The 2DES in the QH state is incompressible, so that the electron density is approximately piecewise constant, suggesting that a contour dynamics approach to studying the droplet excitations is viable. The lack of low-lying excitations eliminates dissipative effects, further simplifying the treatment of the problem. In addition, the charged nature of the system facilitates the excitation and detection of deformations of the droplet.
In this paper we will formulate the study of the excitations of a droplet in a 2DES as a problem in contour dynamics. In the usual treatment of the edge excitations, 13 a linearization of the equation of motion is done at early stages, thus limiting the applicability to small deformations of the edge of the system from an unperturbed state. In this paper we consider nonlinear terms which are present in the full contour dynamics treatment. We first present perturbative results for nonlinear deformations of the 2DES shape. For the sake of comparison, and as means of verification, we also apply this method to the vortex patch case, which has well-known exact 9 and numerical 11 solutions. We then show that the local induction approximation to the full contour dynamics generates the modified Korteweg-de Vries ͑mKdV͒ 15 equation for the curvature dynamics; the mKdV equation also arises in studies of vortex patches 12 and suspended liquid droplets. 4 The mKdV dynamics conserve an infinite number of quantities, including the area, center of mass, and angular momentum of the droplet, 16 so that our local approximation to the nonlocal dynamics preserves the important conservation laws. The mKdV equation also possesses soliton solutions, including traveling wave solutions.
In Sec. II we present a brief review of the hydrodynamics of a two-dimensional electron system in a strong perpendicular magnetic field and analyze the bulk and edge excitations in the linear approximation. Sections III and IV and analyze in more detail the dynamics and kinematics of these edge modes, and ask what conditions must be satisfied so that a large edge deformation is able to travel without any dispersion, that is, preserving its shape. The question is posed in terms of a nonlinear eigenvalue problem and is solved perturbatively to fifth order in the deformation in Sec. V ͑for completeness, we also solve the analogous problem of vortex patch deformations in Appendix B͒. Some solutions and limiting cases are then presented in Sec. VI. An alternative approach to find nondispersive or invariant deformations of the edge, namely, the local induction approximation, is developed in Sec. VII, where results are also compared with the perturbative approach of Secs. V and VI.
II. HYDRODYNAMICS OF A TWO-DIMENSIONAL ELECTRON SYSTEM
Consider a 2DES in a perpendicular magnetic field. Treated as a classical fluid, the system is characterized by the electron density n(r) and velocity v(r). If we neglect dissipative effects ͑which is essentially correct in the quantum Hall regime͒, the dynamics is determined by the Euler and continuity equations: 
that is, bulk magnetoplasmons are gapped, and in the QH regime can be neglected since ប c ϳ17 meVϳ200 K at B ϭ10 T ͑in GaAs͒, whereas Tϳ1 K. We will disregard them from now on and concentrate on the excitations at the edge which, as we shall see, have considerably lower energies. The theory of small deformations of the edge has been extensively studied. [17] [18] [19] [20] The main conclusion is that for strong magnetic fields, when Landau-level quantization becomes important, the only low-lying modes are edge modes which propagate in only one direction along the edge of the 2DES. We further classify these modes into the ''conventional'' edge magnetoplasmon mode, with a singular dispersion relation:
where k is the mode wave number, ␥Ϸ0.5772 is the Euler constant, and a is a short-distance cutoff ͑the largest of the transverse width of the 2DES, the magnetic length, or the width of the compressible edge channel͒. In addition, for wide compressible edges, ''acoustic'' modes can be found:
These results are approximately correct as long as inertial and confining terms are negligible. The first requires that n e 2 /⑀m e aӶ c 2 , which is usually true in quantum Hall conditions. 20 In addition, the effects of the confining potential have been neglected. While the confining potential is essential for long-term stability and is usually not negligible when compared to interactions, its effect is mainly reduced, in the simplest cases, to an additional v ext k term in the frequencies, where the external velocity is given by
e z ϫE ext . ͑7͒
Recent time-of-flight measurements 21 in 2DES confirm this simple picture. The theoretical formulation above, however, is restricted to small deformations of the boundary. In what follows we will consider a formulation that goes beyond this limitation.
III. DYNAMICS OF THE EDGE MODES
Consider the case when the edge between bulk and vacuum is sharp. The electronic density has some constant value n inside the edge and vanishes outside ͑see Fig. 1͒ . Since the edge is essentially one-dimensional only the edge magnetoplasmon is important ͑and even in more general cases this mode is the most readily observable 17, 21 ͒. Following the derivation of the edge magnetoplasmons 17, 20 we ne-
A charged incompressible liquid in a magnetic field. We assume a piecewise constant electron density (nϭn inside, while nϭ0 outside the droplet͒. The parametrization R(,t), the tangent t, and normal n unit vectors to the boundary ⌫ are indicated; s is the arc length and the tangent angle.
glect inertial terms in Eq. ͑1͒, thus obtaining an equation for the electron velocity:
where A is the area of the droplet ͑see Fig. 1͒ . Let us now concentrate on the ''internal'' velocity given by the first term in Eq. ͑8͒. We should note that the neglected external velocity v ext derived from the confining field ͓Eq. ͑7͔͒ is important for long-term stability of the system, and will modify the propagation velocity. In general, it could also change the shape of the modes, yet one can devise situations in which this effect is not important, i.e., a linear confining potential in a rectilinear infinite edge, or a parabolic potential for a circular droplet.
For an incompressible 2DES with a piecewise constant density, the density can be taken outside the integral; then using Stokes' theorem, the area integral can be transformed into a line integral over the boundary ⌫ϭ‫ץ‬A of the electron liquid:
Here t(sЈ) is the unit tangent vector at arc length sЈ:
and we defined the unit normal vector n(sЈ) for later use. The short distance singularity in the integrand is cut off at a length scale r 0 . Equation ͑9͒ forms the basis of our contour dynamics treatment-it expresses the velocity of the edge in terms of a nonlocal self-interaction of the edge. We see that ͑i͒ the dynamics is chiral, being determined by the tangent vector; and ͑ii͒ the fluid contained within ⌫ is incompressible, so that the area is conserved. It is interesting to note similar traits were found in the past for the dynamics of vortex patches; [9] [10] [11] [12] indeed, it is this analogy which inspired the present work. A detailed description of the vortex patch case, and stressing the similarities and differences with the shape deformations of the 2DES are presented for completeness in Appendix B.
IV. KINEMATICS OF UNIFORMLY PROPAGATING DEFORMATIONS
Having determined the velocity of the electron liquid, we now focus on the motion of the 2DES boundary ⌫. The velocity of a point on the boundary can be written in terms of the normal and tangential components,
The tangential velocity W(s) is largely irrelevant, as it solely accounts for a reparametrization of the curve; the boundary motion is determined by the normal component of the velocity. We now ask whether there are modes which propagate along the boundary with no change in shape. Previous work 17 has focused on small perturbations of a straight, infinite edge. Here we consider deformations of a circular droplet of incompressible electrons ͑the nonlinear deformation of a straight infinite edge is discussed in Appendix F͒. A uniformly propagating mode is, in this case, characterized by a boundary that moves like a rotating rigid body ͑see Fig. 2͒ , namely, the radius of the boundary satisfies
where is the azimuthal angle, and ⍀ is the angular frequency of the boundary rotation. This translates into a condition for the normal velocity:
We seek surface shapes R() ͑see Figs. 1 and 2͒ that rotate uniformly, satisfying Eq. ͑13͒. Consider the following parametrization of the surface:
In this parametrization, we can write the unit tangent vector explicitly as
where
Likewise, the unit normal vector is given by
Given the identity r s dsϭr d, the normal velocity of the boundary, derived from Eq. ͑9͒, can be written as
while inserting Eqs. ͑16͒ and ͑17͒ into Eq. ͑13͒ yields
FIG. 2. A uniformly propagating edge deformation. The boundary satisfies R(,t)ϭR(Ϫ⍀t).
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͑19͒
We seek frequencies ⍀ and coefficients b l that satisfy Eqs. ͑18͒ and ͑19͒. The solutions to this nonlinear eigenvalue problem represent edge modes that propagate without any dispersion.
V. SOLVING THE NONLINEAR EIGENVALUE PROBLEM-PERTURBATIVE APPROACH
Unfortunately, it has not been possible to solve exactly the nonlinear eigenvalue problem for b l and ⍀ as written in Eqs. ͑18͒ and ͑19͒. We therefore seek a perturbative solution by expanding the right-hand side of Eq. ͑18͒ in powers of b l . This allows us to to go beyond the linear approximations used in the past, and we have succeeded in calculating shape deformations to O͓b l 4 ͔ and angular frequencies to O͓b l 5 ͔. Expanding the nonlinear eigenvalue problem to fifth order, we find the condition 
⍀, ͑21͒
and the ''matrix elements'' Q, R, S, T, and U are obtained from Eq. ͑18͒ in Appendix A.
Since the equation to be solved results from an expansion in powers of b l , it is sufficient to solve Eq. ͑20͒ perturbatively, by expanding in powers of the largest coefficient b L . Let us assume that
We then consider an expansion of the coefficients b l and eigenvalue ⍀ in powers of ␦:
where b (k) and ⍀ (k) are of order O͓␦ k ͔. By substituting expressions ͑23͒ and ͑24͒ into Eq. ͑20͒, and grouping terms order by order, we find the following.
͑1͒
The first-order term yields the dispersion relation in the linear approximation:
͓L͔ϭQ L . ͑25͒ ͑2͒ Second-order terms couple the fundamental and second harmonics of the deformation, with no correction to the eigenvalue:
͑3͒ Third-order terms give the first correction to the frequency and couple the first and third harmonics:
for l Ϯ3L. ͑4͒ Fourth-order terms provide coupling to both second and fourth harmonics: ⍀
͓L͔ϭ0,
The fifth-order term follows the same pattern. The couplings to higher harmonics is quite complex and we chose not to pursue it. We show only the correction to the eigenvalue:
Note that the largest term in the perturbative expansion corresponds to the lowest harmonic and that higher order elements preserve the rotational symmetry C L ͑rotations by 2/L) of the initial term.
VI. SOLUTIONS FOR THE TWO-DIMENSIONAL ELECTRON SYSTEM
We now show some invariant shapes for the 2DES ͑see Secs. III and IV͒. Coefficients b l and frequencies ⍀ are obtained using the formulas of Sec. V and matrix elements Q, R, S, T, and U calculated in Appendix A. Table I summarizes these results for states of rotational symmetry C L , with Lϭ2, 3, 4, and 5. Some particular shapes obtained from these coefficients and Eq. ͑14͒ are shown in Fig. 6 ͑for a comparison with similar states for vortex patches see Figs. 8 and 9͒ .
For large deformations, the appearance of oscillations indicate that higher order terms are needed, since the perturbative method corresponds to a truncation of the Fourier decomposition ͓Eq. ͑14͔͒. An alternative approach, based on a local induction approximation, provides a better description in those cases. This alternative formulation is presented in Sec. VII.
It is interesting to note that the linear result for the frequency is ͓see Eqs. ͑25͒ and ͑A3͔͒
where the last sum can be related to the digamma function 22 (͉l͉ϩ1/2). This linear result has been previously derived by several authors; 18 corrections are O͓b l 2 ͔. For a direct comparison with Eq. ͑5͒, which corresponds to the large-l limit, we substitute the asymptotic expansion for the sum in Eq. ͑30͒; multiplication by R 0 yields the propagation velocity:
which closely corresponds to the group velocity v g ϵ‫ץ‬ 0 (k)/‫ץ‬k obtained from Eq. ͑5͒ after the substitution l ϳka. The dispersion for these linear edge excitations has been confirmed experimentally in both the frequency 23 and time 21 ,24,25 domains.
VII. LOCAL INDUCTION APPROXIMATION
As we have seen, the motion of the edge is determined by the velocity of the fluid at the surface. The nonlocal equation for the velocity of the boundary, Eq. ͑9͒, can be turned into a differential equation for the curvature of the boundary if we concentrate on the local contributions. This local induction approximation 26 ͑LIA͒ was explored by Goldstein and Petrich in a series of papers dealing with the evolution of vortex patches. 12, 16 The situation is considerably more favorable in this problem, due to the more rapid decay of the interaction ͓1/r for charges vs ln(r) for vortices, see Eqs. ͑9͒ and ͑B3͔͒. Figure 1 defines most terms used in this section.
The LIA corresponds to the introduction of a large distance cutoff ⌳ in the expression for the velocity of the boundary v͓r(s)͔ ͓Eq. ͑9͔͒:
͕¯͖dsЈ.
͑32͒
The line integral in Eq. ͑9͒ is then calculated by expanding the integrand in powers of ⌬ϵ(sЈϪs). By using the FrenetSerret relations r s ϭt,
where ϭ s is the local curvature of the boundary, we obtain
To lowest order the normal and tangential velocities then are given by It is worth noting that since the rate of change of the area A of the droplet is A t ϭ͛dsU(s) ͓see Eq. ͑D8͔͒, the LIA with U LIA ϰ s ͑or any exact differential͒ automatically conserves area. This is not surprising since we started with an incompressible system, but shows that the local approximation used has not introduced an obvious error. It is also interesting to realize that the perimeter L of the curve derived from these velocities is conserved as well: L t ϭ͛ds(UϩW s ) ϭ0 ͓see Eq. ͑D7͔͒.
The time evolution of a curve in two dimensions is given quite generally by the integrodifferential equation 16 The mKdV dynamics are integrable, with an infinite number of globally conserved geometric quantities, 12 the most important of which are the center of mass, area, and angular momentum of the droplet.
The mKdV equation possesses a variety of soliton solutions, including traveling wave solutions and propagating ''breather'' solitons ͑see Appendix F͒. Here we will focus on the traveling wave solutions of Eq. ͑39͒ of the form ͑s,t͒ϭ͑z͒, with zϵsϪct, ͑40͒
which represents uniformly rotating deformed droplets ͑see Fig. 3͒ . The ordinary differential equation for (z) can be integrated twice with the result
where a and b are constants of integration (aϭbϭ0 for infinite systems, see Appendix F͒. This ordinary differential equation can be easily integrated:
This problem is thus analogous to a particle moving in a quartic potential ͑Fig. 4͒. The integrals involved can be expressed in terms of elliptic integrals 22 and depend crucially on the nature and location of the zeros of V(). For curves with finite perimeter and no self-crossings we find that it is necessary to have two real and two complex zeros: max , min , and Ϫ( max ϩ min )/2Ϯi ͑see Appendix E͒. Note that max and min correspond to the maximum and minimum curvatures of the boundary.
The periodic solutions of Eq. ͑42͒, expressed in terms of Jacobi elliptic functions, 22 are given by ͑Appendix E͒
The free parameter is actually determined by the boundary conditions. The period of is given by the elliptic integral We now require that the tangent angle increases by a factor of 2 after an integer multiple l curvature periods, so that the curve is closed and with no self-crossings ͑see Fig. 5͒ :
It is evident that the resulting curves are invariant under rotations by 2/l, that is the curves have C l symmetry. The curves thus generated can be characterized by (l, max , min ) or more conveniently, although indirectly, by the symmetry, the area and the perimeter of the curve. The contour shape can be easily determined once the tangent angle (s) is known as a function of arc length. Since dzϵdxϩidyϭexp͓i(s)͔ds, we have
The full lines in Fig. 6 show some uniformly rotating soliton shapes, calculated from Eqs. ͑44͒ and ͑48͒. These are essentially identical with Goldstein and Petrich's 16 soliton solutions for the vortex patch problem, but the more local nature of the interaction in the 2DES case should guarantee a better correspondence with the exact solutions including nonlocal terms. Indeed, the curves resulting from the perturbative method and the LIA are quite close, even for considerable deformations of the boundary. For larger deformations the perturbative results show artifacts due to the limited number of Fourier components. The advantage of the LIA becomes evident in this case, since it is an expansion in powers of the curvature and not the deformation, and thus allows for relatively large long-wavelength deformations. More significantly, the LIA and the resulting integrable dynamics allow one to uncover geometrical conservation laws which would be hidden in a perturbative calculation. 28 This advantage comes at a price: the detailed information on frequencies is obscured by the introduction of the long distance cutoff ⌳ and by the gauge transformation of the tangential velocity W, while the frequency is easily obtained in the perturbative calculation.
VIII. CONCLUSIONS
A contour dynamics formulation of the excitations on the edge of a two-dimensional electron system in a magnetic field has allowed us to demonstrate the existence, beyond the usual linear regime, of shape deformations that propagate uniformly. A local approximation to the nonlocal dynamics shows that the curvature of the edge of the droplet obeys the modified Korteweg-de Vries equation, which has integrable dynamics and soliton solutions. Earlier studies 29 Sec. II͒, whereas here we concentrate on nonlinear effects originating in geometrical effects.
Since these solutions are dispersionless, it may be possible to distinguish them from linear edge waves in time-offlight measurements of the type depicted in Fig. 7 . In a circular QH system 24 a voltage pulse applied to a gate produces an edge deformation. The deformation propagates along the edge of the system in one direction and is detected, i.e., by means of a capacitive probe. For this geometry, the pulse comes back repeatedly and it is possible to observe it after numerous passes. While a gradual decrease of the amplitude is always expected due to residual dissipation, dispersive and nondispersive modes may be distinguished by the preservation of the general shape and width of the nondispersive modes.
On the theoretical side, it would be interesting to connect our hydrodynamic treatment of these edge solitons with field-theoretical treatments of edge excitations.
18,19

ACKNOWLEDGMENTS
We would like to thank Raymond Goldstein for useful discussions. This work was supported by NSF Grant No. DMR-9628926.
APPENDIX A: MATRIX ELEMENTS FOR THE NONLINEAR EIGENVALUE PROBLEM
In order to determine the matrix elements Q, R, S, T, and U for the nonlinear eigenvalue problem ͓Eq. ͑20͔͒, we need to expand Eq. ͑18͒ in powers of the coefficients b l of the parametrization ͓Eq. ͑14͔͒. We initially realize that
By expanding n()-(ϩ)/͉R(ϩ)ϪR()͉ in powers of b l , and integrating over ͓see Eq. ͑18͔͒, one obtains the relevant matrix elements Q, R, S, T, and U. All integrals converge without the need for short distance cutoffs. The three lowest order terms can be written as follows:
Higher order terms are long and uninspiring.
10 978 PRB 60 C. WEXLER AND ALAN T. DORSEY
APPENDIX B: COMPARISON WITH THE VORTEX PATCH CASE
For the sake of comparison, we draw analogy to the case of a vortex patch, a two-dimensional, bounded region of constant vorticity p surrounded by an irrotational fluid. 9 The vorticity can either be distributed, as in a regular fluid, or concentrated in individual vortices, in the case of a superfluid ͑in this case it is clear that the hydrodynamic treatment will be valid only for length scales larger than the intervortex spacing͒. Most important is that in ideal fluids the area of the vortex patch is conserved due to Kelvin's circulation theorem, 26 and therefore the vortex patch is essentially incompressible. Figure 1 can be used to describe this case by replacing the electron density n by the vorticity p .
The steady-state solution in this case is clearly a circle, and small deformations of the boundary travel along the boundary itself, as has been known for a long time. 9 One can also ask what happens when the deformations are large: are there modes that do not change shape, i.e., solitons? One such solution has been known since Kirchhoff's time: an ellipse with constant vorticity will rotate uniformly in an ideal fluid. Numerical calculations by Deem and Zabusky 10, 11 in the 70s obtained additional invariant shapes. For inviscid incompressible fluids, the equations of motion for the fluid are simply given by
where is the vorticity. Assuming that the velocity far from the patch vanishes, the velocity of the fluid in the presence of a region of finite vorticity p can be expressed as
The arguments presented in Secs. III and IV are now applied mutatis mutandis to this case. The only difference with the 2DES comes from the fact that the kernel in the interaction is now logarithmic, and Eq. ͑9͒ is then replaced by Eq. ͑B3͒. We see that, as in the 2DES case ͑Secs. III and IV͒, the dynamics is chiral, being determined by the tangent vector; and since the fluid contained within ⌫ is incompressible the area is conserved. The normal velocity of the contour is then given by
͑B4͒
As before, we seek solutions that satisfy Eqs. ͑13͒ ͓or ͑19͔͒ and ͑B4͒. First, we follow the procedure of Appendix A to determine the matrix elements Q, R, S, T, and U. The first few of these are given by
Ϫ͉pϪq͉ϩ͉lϩpϪq͉ϩ␦͑2lϪp ͒ϩ␦͑ lϪq ͒ ϩ␦͑lϩpϪq ͔͒. ͑B7͒
We then apply the results of Sec. V, to determine the amplitude of the lowest harmonics for the vortex-patch case, using the appropriate matrix elements ͓Eqs. ͑B5͒-͑B7͔͒. These results are summarized in Table II , and some of the resulting invariant shapes are shown in Figs. 8 and 9 .
It has long been known 9 that an elliptical region of vorticity in an otherwise irrotational fluid, namely the Kirchhoff ellipse, rotates uniformly with angular frequency ⍀ ϭ( p /4)(1Ϫb 2 /a 2 ), where (aϩb) and (aϪb) represent the maximum and minimum radii, respectively ͑see Appendix C͒. A simple analysis shows that both frequency and angular components b l shown in Table II exactly match a series expansion of the ellipse. Figure 8 compares the perturbative results with the exact solution. Even for relatively high deformations both results are in reasonable agreement.
In the case of deformations with higher angular dependences there are no analytic solutions beyond the linear approximation. In this case, the angular frequencies are given 9 to zeroth order in the deformation by ⍀ϭ(mϪ1)/2m, which coincides with the values for Q l V ͓see Eqs. ͑25͒ and ͑B5͔͒. Numerical solutions by Deem and Zabusky 11 for lϭ3,4 also compare favorably with the perturbative results, as can be seen in Fig. 9 . In fact, the angular velocities determined from Table II coincide with those shown in Ref. 11 to all significant figures of that paper.
APPENDIX C: THE KIRCHHOFF ELLIPSE AS A SOLUTION OF A CONTOUR DYNAMICS PROBLEM
It is illustrative to show, starting from the contour dynamics, that an ellipse is indeed an invariant deformation for a 
Vortex patches-exact solution
It is now simple to show that an ellipse is, indeed, a uniformly rotating shape for the vortex patch ͓Eqs. ͑13͒ and ͑B4͔͒, since the normal velocity is given by
where in going from Eq. ͑C7͒ to ͑C8͒ we eliminated the term inside the first braces in the logarithm due to symmetry and changed variables to xϭϩЈ. Finally, the term proportional to cos 2 vanishes upon integration and we are left with a simple integral, proportional to sin 2. As long as a Ͼb ͑for aϭb the ellipse has collapsed into a line͒, the integral exists in closed form:
which, by direct comparison with Eq. ͑C4͒, yields the angular velocity
͑C10͒
Consider now the parametrization given by Eq. ͑14͒ with b l given by the first row in Table II . The maximum and minimum radii correspond to R() for equal to 0 and /2, respectively, ͑for b 2 Ͼ0). It is easy to see that aϳ1ϩ3b 2 2 Ϫb 2 4 and bϳ2b 2 ϩ5b 2 3 , thus ⍀/ p Ӎ1/2Ϫb 2 2 ϩb 2 4 , as shown in Table II . A simple Fourier analysis of Eq. ͑C2͒ also results in coefficients b l which agree with the perturbative solution.
Two-dimensional electron systems-no exact solution
It is also simple to see why an ellipse is not a stationary solution of the two-dimensional electron system. Instead of the logarithm, one has to deal with 1/ͱR 2 , and the elimination of the first term inside the braces is not possible. The resulting integrands depend on in a nontrivial way, and the normal velocity is not proportional to ͉ ()͉ Ϫ1 sin 2. which is the form used in Eq. ͑37͒.
APPENDIX E: ELLIPTIC INTEGRALS, ELLIPTIC FUNCTIONS, AND BOUNDARY CONDITIONS
A quick inspection of Eq. ͑42͒ reveals the following possible alternative solutions, in terms of elliptic functions, 
